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ωQuantum of thermal conductance

ω!ǘƻƳƛǎǘƛŎ DǊŜŜƴΩǎ ŦǳƴŎǘƛƻƴ ƳŜǘƘƻŘ

ωHomework assignment

Outline
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QUANTUM OF THERMAL 
CONDUCTANCE
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ωConsider a perfect, free-standing quantum wire over 
which a temperature difference (DT) is applied

ωIn the absence of scattering, the net heat flow through 
the chain would be

left temperature
reservoir (cold)

right temperature
reservoir (hot)

device

An Idealized Solution for Heat Flow

T+DT/2

T-DT/2 JQ,net

kk k
2 2

,

phonon phonon
phonon phonon#  phonons per length #  phonons per lengthenergy energy
group group in left contact in right contact
velocity veloc

( , ) ( , )T T
p p p p

Q net p p

n T d n T d
J

L dK L dK

D Dw + w w - w
= w + w

K K K K

K KZ Z
%((&((' %((&((' k

(<

0

ty
0)

0

i

p > <

ë û
î î
î î
î î
ì ü
î î
î î
î î
í ý

ä ä ä
K K



Nanoscale Transport Research Group T.S. Fisher, Mar-08
Slide 5

Conversion of Sum to Integral

ωFirst, use the usual conversion of a sum to integral in K-
space by recognizing that each allowed state in K-space 
ƻŎŎǳǇƛŜǎ ŀ м5 ΨǾƻƭǳƳŜΩ ƻŦ нp/L

ωNow, take advantage of the symmetry of K-space and 
assume small DT to re-write the net heat flow as 
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Thermal Conductance and Conductivity

ωThe thermal conductance (h1D=JQ/DT) is independent 
of the wire length LΧ

ωΧŀƴŘ ǘƘŜ ǘƘŜǊƳŀƭ ŎƻƴŘǳŎǘƛǾƛǘȅ ƛǎ ǘƘŜǊŜŦƻǊŜ ƭŜƴƎǘƘ-
dependent

ςWhere s is the effective cross-sectional area
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ωConsider only a single acoustic phonon polarization and 
perform the conductance integral (from w= 0 to ¤)

ωRego and Kirczenow [Phys Rev Lett 81232 (1998)] 
showed that each such branch provides a fixed thermal 
conductance that depends only on the temperature T

ωThis quantity represents the maximumthermal 
conductance that a given phonon branch can provide, 
even with none of the usual loss mechanisms (e.g., 
impurity scattering, umklapp scattering)

The Quantum of Thermal Conductance
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Effects of Interfaces and Scattering

ωWhen scattering at an interface or in the bulk is 
included, the heat flux integral must include a 
transmission function (X) because some phonons will be 
reflected backward

ωConsequently, the essence of the solution involves 
finding  X(w)
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!¢haL{¢L/ Dw99bΩ{ C¦b/¢Lhb 
METHOD

Based on:
²Φ ½ƘŀƴƎΣ ¢Φ{Φ CƛǎƘŜǊΣ bΦ aƛƴƎƻΣ ά¢ƘŜ !ǘƻƳƛǎǘƛŎ DǊŜŜƴΩǎ CǳƴŎǘƛƻƴ aŜǘƘƻŘΥ !ƴ 9ŦŦƛŎƛŜƴǘ 
{ƛƳǳƭŀǘƛƻƴ !ǇǇǊƻŀŎƘ ŦƻǊ bŀƴƻǎŎŀƭŜ tƘƻƴƻƴ ¢ǊŀƴǎǇƻǊǘΣέ Numerical Heat Transfer: Part B 
(Fundamentals), Vol. 51, No. 3/4, pp. 333-349, 2007. 



Nanoscale Transport Research Group T.S. Fisher, Mar-08
Slide 10

Some Background

ωNon-ŜǉǳƛƭƛōǊƛǳƳ DǊŜŜƴΩǎ ŦǳƴŎǘƛƻƴ ƳŜǘƘƻŘ ƛƴƛǘƛŀƭƭȅ 
developed to simulate electron ballistic transport (see 
Datta, 1995)

ωVery efficient in the ballistic regime but requires 
significant effort to implement scattering 

ωRecently applied to phonon transport (see Mingo, 2003; 
Zhang et al., 2007a,b,c) 
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ωIncludes effects of bulk contacts by 
expressing their effects 
ƳŀǘƘŜƳŀǘƛŎŀƭƭȅ ǘƘǊƻǳƎƘ DǊŜŜƴΩǎ 
functions

ωSuitable for ballistic transport
ςNanoscale devices at room 

temperature, or
ςLow-temperature conditions, or
ςScattering dominated by boundaries 

and interfaces

ωRequired inputs
ςEquilibrium atomic positions 
ςInter-atomic potentials
ςContact temperatures

!ǘƻƳƛǎǘƛŎ DǊŜŜƴΩǎ CǳƴŎǘƛƻƴ
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Recall Lattice Dynamics

ωEquation of motion for a 1D atomic chain

ωPlane wave assumption

ωCombine

ωRe-arrange and write in matrix form
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Harmonic Matrix

ωDefine the k matrix as

ωThen, define the harmonic matrix Has 
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Harmonic Matrix

f is spring constant divided by atomic mass

1. H is not the same dynamical matrix used to determine the 

dispersion curve (that matrix is the Fourier transform of H).

2. H is symmetric.

3. Sum of all elements in any row or sum of all elements in any 

column is zero, except in the first and last row/column.


